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Counting rational points on projective varieties

Let n > 2 and V C Pg an irreducible variety of degree d.
For a point x = (xg : ... : xp) € P"(Q) with xo,...,x, € Z and
ged(xo, ..., xp) = 1 set

H(x) = Jmax |xi].

Question
Define for B € R>q the counting function

Ny(B) :=#{x € V(Q) : H(x) < B}.
What can we say about upper bounds for Ny (B)?

Trivial upper bound: Ny (B) <v pdim V+1
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Points of bounded height on projective space

For a point x = (xg : ... : xp) € P"(Q) with xo,...x, € Z and
ged(xo, ..., %xp) = 1 set

H(x) = Orglaéxn |xi]-

With this we find that
Ner(B) = #{x € P"(Q) : H(x) < B}

1
= 5800, xa) €27 x| < B,O< i < n, ged(o, .. xn) = 1)

Theorem

For n > 1 we have
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Dimension growth conjecture

Rational linear subspaces, e.g. V' C P given by

agxg + ...+ anx, =0,
with a; € Z, 1 < i< nand ag# 0. Then
Ny(B) ~ B".

Example
Let ag,...,a, € Z\ {0} and V C P given by

aoxg—i—...—i—anx,% =0.
Then, for n > 4 we have

Ny(B) ~ cB™ 1.
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Dimension growth conjecture

Hypersurfaces of larger degree

Example
Let ao,...,a, € Z\ {0} and V C PPy given by

aoxg+...+anxg =0.
By our naive heuristic, we expect

Ny (B) ~ cB"1=9,

By the resolution of Vinogradov's mean value theorem due to
Bourgain, Demeter and Guth and Wooley, one can prove this
asymptotic for n > d?.
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Dimension growth conjecture

Hypersurfaces with singularities

Let Fo(x), F1(x) € Z[xo, ..., xn] and V C Pg, n > 2 given by

XoFo(X) — X1 Fl(x) =0.
Then

1
N\/(B) > Eﬁ{(XL o 7Xn) €Z"": max |Xf| <B

1<i<n
ged(xo, ..., x,) = 1}

> anl
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Dimension growth conjecture

Conjecture (Weak Dimension growth conjecture)

Let V C Pg be an irreducible projective variety of degree
deg(V) > 2. Then

N\/(B) ) Bdim V+e’

for any ¢ > 0.

@ Sharper version with uniformity in V' and implicit constants
only depending on n, d, €.

@ Solved in a series of articles by Browning, Heath-Brown and
Salberger, using the determinant method.
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Rational points close to manifolds

72
/
/4

The surface S given by the quadratic form
Q(X,y,Z) = X2 _y2 — \/522'
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Rational points close to manifolds

Let M C R” be a bounded submanifold with dim M = m.

A counting function

Let Q >1and0 <6 < % We define the counting function

Nam(Q,9) ::ﬁ{EEQ":ISqS Q : dist (E,M) Sé},
q q q

where p € Z".

Trivial upper bound

Na(@Q,6) < QM.
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Rational points close to manifolds

For M a piece of a rational linear subspace we have
Nam(Q,6) > Qm+1,

Question

Typical expectation for Nx((Q,9)?

Set R = n— m. A heuristic argument via volume computation:

R
Nm(Q,6) ~ <g> QQ" ~ sRQ™H.
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Rational points close to manifolds

Mm(Q,68) ~ sRQmTL.

For what size of § is this realistic?
Example
a) Let P C R? be given by y = x? for 0 < x < 1. Then

Np(Q,6) = Np(Q,0)> > q> Q.
9<vQ

This suggests § > Q! for the 'volume term' to dominate.
b) Let S = S""1 C R", n >3 be given by x? + ...+ x2 = 1. Then

Ns(Q,0) ~ c,Q" 1.
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Rational points close to manifolds

Conjecture

If M is a bounded submanifold of R" with boundary and proper
curvature conditions, then for e > 0

NM(Q75) < 5RQm+1 + Qm—f—s’

forall0 < 6 < 1/2 and Q@ > 1. Moreover, if § > Q_%Jrs for some
e > 0, then
Nat(Q,8) ~ csRQm*1,

for some constant ¢ depending on M, where Q — oc.

Example (The curvature condition is necessary)

For the Fermat curve F4: x¢ 4+ y?9 = 1 one has

Nz, (Q,5) > 64 Q¥ 4.
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Rational points close to manifolds

Theorem (J.-J. Huang 2019)

The main conjecture holds for smooth compact hypersurfaces
S C R" with Gaussian curvature bounded away from Q.

Previous work: Beresnevich, Dickinson, Velani, Huxley, Vaughan,
Velani, Zorn...
Corollary (J.-J. Huang 2019)

Analogue of dimension growth conjecture for smooth hypersurfaces
with non-vanishing Gaussian curvature.

Question
What happens in higher codimension? Can we relax the curvature
condition?
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Formulating a counting problem

Let fi, ..., fr be smooth functions on R™ and let M C R™*R pbe
given by

M = {(x, fi(x),. .., fr(x)) € R™ R x € B.(x0)},

where B.(xo) is a ball of radius £ around xo € R™.

Question

If we want to count rational points close to M, how can we
formulate this as a counting problem?

To make things analytically better behaved, we first introduce a
smooth weight.
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Formulating a counting problem

Notation: for o € R write ||a|| = minyez |a — nl.
Let m > 2 and let w € C§°(R™) be a non-negative weight
function. For Q € N and § > 0, we define

No@)= S W<3>

acz™
q<Q

llafi(a/q)l<s

lafa(a)q)]| <o

Note that we expect Y, zm ;<o W (%) ~ Q™! and

NW(Q,(S) ~ 5RQm+1.

Damaris Schindler Density of rational points near manifolds



An analogue for the curvature condition

In the case R = 1, the manifold parametrised by
M = {(x,(x)) € R™ x € B.(x0)},
has non-zero Gaussian curvature in xq iff
det Hf, (xo) # O,

where Hy, is the Hessian matrix of f;.

Assumption *
Given any (ti,. .., tgr) € RR\{0},

det Hy, i 4.+ tpfr (X0) # 0
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Formulating a counting problem in higher codimension

Theorem (S.-Yamagishi 2022)

Let m > 2. Assume that Assumption* holds and that the support
of w is sufficiently small. Then for any ¢ > 0
m—2)(R—1)

(
]NW(Q, 5) — aéRQ’”“’ < QU mERD e,

where o > 0.

Remark

Compare this to the analogue of the dimension growth conjecture
which would predict in this situation that

Nw(Q,0) < QM.
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What if the curvature vanishes?

Consider a hypersurface of the form
M= {(X7 f(x))7 X € 81(0)}7

where f : R"1 — R is assumed to be a smooth function outside
of 0, homogeneous of degree D, i.e.

f(x) = APf(x), vxeR"L XeRyg.

Theorem (Srivastava, N. Technau 2023)

Assume that n >3, 32=2 < D < n—1 and H¢(x) # 0, for x # 0.
Then for § > Q°1, one has

No(Q. 6) = 6Q" + (—) "o

Example: take f(x) = ||x||5.
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What if the curvature vanishes?

Let M C R", where n > 2, be a bounded submanifold of the form
M = {(X7 F(X)),X € 81(0)},

where Bj(0) is the m-dimensional unit ball, and
F(x) = (F1(x),..., Fr(x)).

Definition

We say that M as above is /-nondegenerate at a point xg € Bi1(0),
if the partial derivatives of (x, F(x)) of order up to / in the point x
span R”.

Moreover, we say that the manifold is /-nondegenerate, if it is
I-nondegenerate at almost every point xg € B1(0).
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I-nondegenerate manifolds

Let M C R", where n > 2, be a bounded submanifold of the form

M = {(x,F(x)),x € B1(0)},

and let Q,w, w be suitable weight functions.
Define the counting function

oo T a()-(3) 1)

(g,a)ezm+t 1<i<R

where |ly|| = minkez |y — k| for y € R.
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I-nondegenerate manifolds

MCR" m=dimM, R=n—m.
Theorem (Beresnevich 2012)

Suppose M = {(x,F(x)),x € B1(0)} is I-nondegenerate and
analytic. For 0 > Q_% one has

Ne(8, Q) > 6R Q™.

Beresnevich and Yang 2023:
Suppose M is /-nondegenerate and smooth. Then outside of a
'small’ part of M one has the upper bound

Ne (6, Q) < sRQM+2.

e Using a quantitative non-divergence estimate by Bernik,
Kleinbock and Margulis.
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I-nondegenerate manifolds

MCR" m=dmM, R=n—m.

Theorem (S., Srivastava and Technau 2023)

Suppose M = {(x,F(x)),x € B1(0)} is I-nondegenerate and
smooth. Then there exists a constant ¢ and a constant > 0 such
that for

1
o> Q 2le(n+l),

we have
NE(3, Q) = coRQ™ 1 4 0 (3R Qm+171) .

Remark

We obtain lower bounds of the expected order of magnitude for
!
5> Q 1t

Damaris Schindler Density of rational points near manifolds



I-nondegenerate manifolds

Theorem (S., Srivastava and Technau 2023)

Suppose M = {(x,F(x)),x € B1(0)} is I-nondegenerate and
smooth. Then for 0 < § < 1/2 we have

2R

Ne(Q,6) < 5RQm+1 + Qm“*m’
and in particular

1

/\[F(Q7 0) < Qm+1_2IR(n+1).

Application: upper bounds for the number of rational points of
bounded height on projective varieties, if the corresponding
manifold is /-nondegenerate.
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Our approach via Fourier analysis

By Poisson summation we find that

Ne(Q.8) — c6RQm™ = sRQ™ N~ (v, c)

(v,c)ezn+t
[1Vlloos|c[~61

with
I(v,c) = / y Ry QUFCN) VI =l (x)w(y ) dxdy.
Rm+1

Proof ingredients:

@ Construction of a weight function which separates 'generic
parts’ and 'special parts’

@ For the special parts: use a quantitative non-divergence
estimate due to Bernik, Kleinbock and Margulis.

o for the generic parts: rapid decay estimates
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Diophantine approximation

Theorem (Dirichlet)

Let 6 € R and Q € N. Then there are integers a, q with
1< q < Q and gecd(a, q) =1 such that

1
< —=.

a
g— =
’ q@

q

Corollary

Let © € R. Then there are infinitely many tuples (a, q) € Z X N such that

o-3]< 2
G
ql =~ ¢?

Multi-dimensional version: Let 61,...,6, € R. Then there are
infinitely many tuples (a, g) € Z" x N such that

—1-1 .
<q n 1<i<n.

)
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Applications to Diophantine approximation

Definition

Given a function v : (0,4+00) — (0,1), we say that a point y € R”
is Y-approximable if the condition

b=
y__
q

holds for infinitely many (a, q) € Z" x N.
Write S,(1)) for the set of y-approximable points in R".

¥(9)
N < 7 (0.1)

Example

|

By Dirichlet’s theorem we have Sp(¢~») = R".
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Applications to Diophantine approximation

Notation: We write u, for the n-dimensional Lebesgue measure on

Theorem (Khintchine's theorem)

Let ¢ : (0,400) — (0,1) be a monotonic approximation function.
o Ify 021v(q)" < oo, then

Mn(Sn(f‘/})) =0.

o If3221%(q)" = oo, then the complement of Sy(¢)) has
Lebesgue measure zero.

Example

|

We recover that the complement of S,(¢g™ ) in R” has Lebesgue
measure zero.
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Khintchine's theorem

Convergence case: Assume that

> 4(q)" < o<

q=1

and consider Sp(¢) N [0,1]". For g € N consider the set

w0 Y HE-5050)

Note that
tn(Eq(v)) < ¥(q)"

Now apply the convergence case of the Borel-Cantelli lemma.
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Applications to Diophantine approximation

Question (Sprindzuk, Kleinbock, Lindenstrauss, Margulis, Weiss)

Let M C R" be a nondegenerate submanifold and
1 : (0,400) — (0,1) a monotonic approximation function.

Assume that -
> (q)"

q=1

converges/diverges. Can one show that almost no/almost all
points of M are -approximable?

Theorem (Beresnevich, Yang 2023)

If> 021 ¥(q)" < oo, then almost all points on M are not
1-approximable.
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Generalisations to Hausdorff measure

For a Lebesgue measurable set A C R" we write dim(A) and
‘H*(A) for the Hausdorff dimension and the s-dimensional
Hausdorff measure.

Theorem (The Jarnik-Besicovitch theorem)

Let 7 >1/n. ThendimS,(q™ ") = Z—ﬁ 5

Theorem (Jarnik’s theorem)

Given any monotonic function 1 and 0 < s < n, we have
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Generalisations to Hausdorff measure

Question

Find the Hausdorff dimension s of the set S,(v) N M for a smooth
submanifold M C R".

Question (Dimension Problem)

Let 1 < m < n be integers and ./K/lv,hm be the class of submanifolds
M C R” of dimension m which are nondegenerate at every point.
Find the maximal value T, ,, such that

+1

dimS,(¢g " )NM = %— codim M whenever 1/n < 7 < Tp m
T

for every manifold M € ./(Avn,m.
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Generalisations to Hausdorff measure

Question (Dimension Problem)

Let 1 < m < n be integers and ./{/lv,,,m be the class of submanifolds
M C R" of dimension m which are nondegenerate at every point.
Find the maximal value T, m such that

1
dimS,(g77)NM = n i T codim M whenever 1/n < 7 < Tpm
T

for every manifold M € /T/lJmm.

Conjecture (Beresnevich, Yang 2023)

1
n—m-

Let1 <m<n. Then Tnm =
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Generalisations to Hausdorff measure - new results

Corollary (S., Srivastava and Technau 2023)

Let n > 2 be an integer, T € [%, 1) be a real number, and M be a
smooth |-nondegenerate submanifold of R" of dimension m.
Suppose that T satisfies

;< 3av+1
(2n—1Da+n’
. 1
where o ;= m Then
n+1

dim(MNS,(qg™ 7)) = T codim M.

Remark: Beresnevich and Yang 2023 obtain the same result under
the condition

nt—1 < a(3 —2n7)
T+1 — 27+1 °
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Questions

Thank you for listening!

Damaris Schindler Density of rational points near manifolds



